The dynamic response of a simply supported double-beam system under moving loads was studied. First, in order to reduce the difficulty of solving the equation, a finite sin-Fourier transform was used to transform the infinite-degree-of-freedom double-beam system into a superimposed two-degrees-of-freedom system. Second, Duhamel's integral was used to obtain the analytical expression of Fourier amplitude spectrum function considering the initial conditions. Finally, based on finite sin-Fourier inverse transform, the analytical expression of dynamic response of a simply supported double-beam system under moving loads was deduced. The dynamic response under successive moving loads was calculated by the analytical method and the general FEM software ANSYS. The analysis results show that the analytical method calculation results are consistent with ANSYS' calculation, thus validating the analytical calculation method. The simply supported double-beam system had multiple critical speeds, and the flexural rigidity significantly affected both peak vertical displacement and critical speed.
Introduction
Single-beam structures, one-dimensional continuous systems with different excitations and various boundary conditions, have been investigated extensively for many decades. The solutions and theories of dynamic problems of a single-beam structure are perfect [1] [2] [3] [4] [5] [6] [7] . Based on previous studies on single beams, a double-beam system, consisting of two one-dimensional continuous beams connected by a layer, is suggested. In fact, double-beam systems have attracted much attention from researchers and engineers in the past decade.
Based on the assumption that both beams of system are identical, Chen and Sheu [8] studied the dynamic response, free vibration, and static buckling of two parallel beams with different boundary conditions and a viscoelastic material layer in between. Similarly, Vu and Ordonez et al. [9] introduced a method to analyze a double-beam system subject to harmonic excitation with boundary conditions that must be the same on the same side. Rusin andŚniady et al. [10] considered the dynamic response of a double-identical-string system traversed by a constant or harmonically oscillating moving load. Using a simple change of variables to decouple two governing equations describing the vibration of two beams, Wu and Gao [11] developed analytical solutions for the dynamic deflections of both beams under moving harmonic loads. However, many researchers reject this assumption due to the limitations of identical beam systems. Based on previous studies for double-string systems [12] , Oniszczuk [13] studying the dynamic response of a double-beam system under successive moving loads is briefer than previous methods and provides a theoretical foundation for further engineering applications of double-beam systems. Figure 1 shows a simply supported double-beam system under successive moving loads in arbitrary spaces and sizes; after introducing a constructor S(ζ), the successive moving loads P(t) can be expressed as follows:
Vertical Dynamic Response of a Simply Supported Double-Beam System

Mathematical Model Building and Parameter Solving
where δ is Dirac function; l is the length of a simply supported double-beam system; F i is the i th moving load. It is assumed that F 1 acts on x = 0 at the initial moment (t = 0); t i = d i /v, d i represents the distance from F i to F 1 .
Appl. Sci. 2019, 9, x FOR PEER REVIEW 3 of 14 loads is briefer than previous methods and provides a theoretical foundation for further engineering applications of double-beam systems. 
Vertical Dynamic Response of a Simply Supported Double-Beam System
Mathematical Model Building and Parameter Solving
N i i i i v t t P x t F x v t t S l
where δ is Dirac function; l is the length of a simply supported double-beam system; i F is the i th moving load. It is assumed that 1 F acts on 0 x = at the initial moment (
The vertical vibration of the double-beam system shown in Figure 1 is governed by the two coupled partial differential equations [35] : The vertical vibration of the double-beam system shown in Figure 1 is governed by the two coupled partial differential equations [35] :
where y 1 (x, t), y 2 (x, t) are the vertical displacements of primary and secondary beams, respectively; E 1 , E 2 are the elastic moduli of primary and secondary beams, respectively; I 1 , I 2 are the horizontal moments of inertia of primary and secondary beams, respectively; m 1 , m 2 are the masses per unit length of primary and secondary beams, respectively; κ is the spring stiffness between the primary and secondary beams.
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To solve the above vibration partial differential equations, the first step is to perform a finite sin-Fourier transform for space coordinate x; for 0 ≤ x ≤ l, the finite sin-Fourier transform can be defined as follows [35] :
where n = 1, 2, ξ k = kπ l , k = 1, 2, 3, . . .. Under minor deformation conditions, the boundary condition of a simply supported double-beam system can be written as follows:
According to the boundary condition,
By performing finite sin-Fourier transforms for both sides of Equations (3) and (4), double-beam infinite-degree-of-freedom system can be transformed into two-degrees-of-freedom system,
Equations (9) and (10) can be expressed in a matrix form as follows:
By providing the canonical transformation of coordinates for Fourier amplitude spectrum U k ,
where Γ k is the generalized eigenvector matrix of matrix K k relative to matrix M k ; q k is the generalized coordinate vector. By substituting Equation (14) into Equation (12),
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By multiplying Γ k T ,
The orthogonality of mode of vibration shows that
thus, Equation (18) can be simplified as follows:
where φ
is the elements at the n th column of matrix
Expression of Fourier Series of Successive Moving Loads
Through unfolding P k (t) with Fourier series,
where loading frequency θ = 2πv/(l + d N ); d N is the total length of load series. By solving various coefficients of Fourier series in Equation (24):
where T = v/(l + d N ), τ can be assigned to any value and is usually set at τ = 0 or τ = − T 2 to help in calculations.
By substituting Equation (11) into Equations (25)- (27) ,
Dynamic Response of Double-Beam Model Under Load Series
By using Duhamel's integral to solve Equation (19) , the generalized-coordinates solution with zero initial conditions can be obtained as follows:
By substituting Equations (24)- (30) into Equation (31),
The homogeneous solution of Equation (19) , considering the initial condition can be expressed as follows:
Using Equation (14):
.
By pre-multiplying Equations (34) and (35) by
When a simply supported double-beam system has zero initial conditions, using Equation (5),
By simultaneously solving Equations (36)-(39),
Thus, the general solution of Equation (19) with zero initial conditions can be expressed as follows:
By substituting Equations (14) and (41) into Equation (6), the dynamic response of the double-beam model under load series can be obtained as follows:
where y = y 1 , y 2 T .
Analysis of Calculation Examples
To validate the analytical calculation method proposed in this paper, a simply supported bridge-rail system under the moving loads of four motor car groups was considered as an example, and the analytical calculation method proposed in this paper and ANSYS finite-element numerical method were used to calculate its dynamic response. The simply supported bridge-rail system can be simplified as a simply supported double-beam, and the rail fasteners can be simulated with springs in interlaminar distribution. The specific parameters of the simply supported double-beam system are as follows: length of beams l = 32 m; length of springs is 1m; damping ratio is 0; primary beam: elastic modulus 
Thus, the general solution of Equation (19) with zero initial conditions can be expressed as follows: 
By substituting Equations (14) and (41) into Equation (6), the dynamic response of the doublebeam model under load series can be obtained as follows:
where
To validate the analytical calculation method proposed in this paper, a simply supported bridgerail system under the moving loads of four motor car groups was considered as an example, and the analytical calculation method proposed in this paper and ANSYS finite-element numerical method were used to calculate its dynamic response. The simply supported bridge-rail system can be simplified as a simply supported double-beam, and the rail fasteners can be simulated with springs in interlaminar distribution. The specific parameters of the simply supported double-beam system are as follows: length of beams . As shown in Figure 2 , four load-groups contain four moving loads, where load
Figure 2. The primary-secondary beam system under moving load-groups.
Effect of Speed of Loads on Dynamic Response of Double-Beam System
To better understand the overall vibration properties of a simply supported double-beam system, the speed of loads was set at v = 100 m/s, and a 3D dynamic graph of vertical deflection of the simply supported double-beam system within the entire span scope was plotted under a load series, as shown in Figure 3 . To better understand the overall vibration properties of a simply supported double-beam system, the speed of loads was set at 100 m v s = , and a 3D dynamic graph of vertical deflection of the simply supported double-beam system within the entire span scope was plotted under a load series, as shown in Figure 3 .
With the movement of loads, the amplitude of dynamic deflection of the simply supported double-beam system changed constantly; the vertical dynamic deflection of secondary beam at any moment showed an approximately symmetric distribution relative to the midspan position and had only one extreme value in the vicinity of the midspan. The dynamic deflection distribution of the primary beam at any moment was related to the position of the action point of the successive moving loads, and its dynamic deflection showed several extreme values, all emerging at the action point of the successive moving loads. The dynamic deflection of the primary and secondary beams reached their maximum values near the midspan. Considering that this characteristic was not related to the movement position of the load series, the following analyses uniformly used the dynamic deflection response of the midspan. With the movement of loads, the amplitude of dynamic deflection of the simply supported double-beam system changed constantly; the vertical dynamic deflection of secondary beam at any moment showed an approximately symmetric distribution relative to the midspan position and had only one extreme value in the vicinity of the midspan. The dynamic deflection distribution of the primary beam at any moment was related to the position of the action point of the successive moving loads, and its dynamic deflection showed several extreme values, all emerging at the action point of the successive moving loads. The dynamic deflection of the primary and secondary beams reached their maximum values near the midspan. Considering that this characteristic was not related to the movement position of the load series, the following analyses uniformly used the dynamic deflection response of the midspan.
The analytical calculation method proposed in this paper and the ANSYS finite-element numerical method were used to calculate the dynamic response of the simply supported double-beam system under a load series of four different moving speeds (40 m/s, 100 m/s, 122 m/s, and 180 m/s), and the calculation results of the two methods were compared in terms of the time-history curves and peaks of dynamic deflection response of the midspan. The comparison results are shown in Figure 4 and Table 1 (where y an and y f e are the calculation results of dynamic deflection response of midspan obtained by the analytical method proposed in this paper and ANSYS finite-element numerical method, respectively; p an and p f e are the calculation results of peak deflection of midspan obtained from the analytical method proposed in this paper and ANSYS finite-element numerical method, respectively; e p = p an − p f e /p f e is the calculation error of peak deflection of midspan between the two methods); λ p is the ratio of peak dynamic deflection response of midspan of the primary beam to that of the secondary beam. As shown in Figure 4 and Table 1 , under a load series of multiple different speeds, the analytical calculation results of time-history curves and peaks of dynamic deflection response of the midspan for the simply supported double-beam system were consistent with the calculation results obtained from the ANSYS finite-element numerical method, thus demonstrating the rationality of the analytical calculation method proposed in this paper. Compared with the secondary beam, the primary beam had a significantly increased peak dynamic deflection response and a high-frequency component in the time-history curve of the dynamic deflection response of the midspan. Under the four speeds, λ p values were 1.950, 2.093, 1.706, and 2.467; the peak dynamic deflection responses of the midspan of the primary and secondary beams did not increase with the increase in the speed of the loads, indicating that the simply supported double-beam system under successive moving loads had critical speeds. Figure 5 shows the relationship between the peak deflection of midspan p an and speed of loads v for the simply supported double-beam system; p an,1 and p an,2 are the peak deflections of the midspan of the primary and secondary beams. As shown in Figure 5 , the speed of the load-peak deflection of the midspan relationship curve of the primary and secondary beams clearly showed "abrupt increases", indicating that the simply supported double-beam system had multiple critical speeds under successive moving loads. The peak deflection of the midspan of the primary beam reached its maximum value p an,1 = −3.754 mm at v = 122 m/s, and the peak deflection of the midspan of the secondary beam reached its maximum value p an,2 = −2.208 mm at v = 124 m/s. Assuming the speed corresponding to the maximum peak deflection of the midspan as the dividing speed, the dividing speeds of primary and secondary beams were v 1 = 122 m/s and v 2 = 124 m/s, respectively. In the speed of load-peak deflection of the midspan relationship curve of primary and secondary beams, the critical speeds corresponding to the "abrupt increases" were close to each other and should be avoided in engineering practice. 
Effect of Flexural Rigidity on Dynamic Response of Double-Beam System
The effect of four flexural rigidity (EI) of the primary beam (i.e., E 1,1 I 1,1 = 0.0001E 2 I 2 , E 1,2 I 1,2 = 0.001E 2 I 2 , E 1,3 I 1,3 = 0.01E 2 I 2 , and E 1,4 I 1,4 = 0.1E 2 I 2 ) on the peak deflection of the midspan of a simply supported double-beam system under successive moving loads was evaluated. The amplification factor of peak deflection of the midspan under different flexural rigidity is defined as follows:
numerical method, respectively; ( ) p a n f e f e e p p p = − is the calculation error of peak deflection of midspan between the two methods); λp is the ratio of peak dynamic deflection response of midspan of the primary beam to that of the secondary beam. As shown in Figure 4 and Table 1 , under a load series of multiple different speeds, the analytical calculation results of time-history curves and peaks of dynamic deflection response of the midspan for the simply supported double-beam system were consistent with the calculation results obtained from the ANSYS finite-element numerical method, thus demonstrating the rationality of the analytical calculation method proposed in this paper. Compared with the secondary beam, the primary beam had a significantly increased peak dynamic deflection response and a high-frequency component in the time-history curve of the dynamic deflection response of the midspan. Under the four speeds, λp values were 1.950, 2.093, 1.706, and 2.467; the peak dynamic deflection responses of the midspan of the primary and secondary beams did not increase with the increase in the speed of the loads, indicating that the simply supported double-beam system under successive moving loads had critical speeds. Figures 6 and 7 show the relationship between peak deflection of the midspan of a simply supported double-beam system and speed of loads under different flexural rigidity. Under flexural rigidity, the dividing speeds v 1 and v 2 of the simply supported double-beam system both changed slightly; therefore, the effect of flexural rigidity on the dividing speed of the simply supported double-beam system could be neglected. For the primary beam, the amplification factor of peak deflection of the midspan and maximum value of the peak deflection of the midspan p an,1 both significantly decreased with the increase in flexural rigidity. For the secondary beam, the amplification factor α 1 of peak deflection of the midspan α 2 and maximum value of peak deflection of the midspan p an,2 both slightly decreased with the increase in flexural rigidity. For different situations of the two beams, it was mainly because the primary and secondary beams had a relatively significant difference in the flexural rigidity change, mainly exerted by the dynamic response of the primary simply supported beam.
are the peak deflections of the midspan of the primary and secondary beams. As shown in Figure 5 , the speed of the load-peak deflection of the midspan relationship curve of the primary and secondary beams clearly showed "abrupt increases", indicating that the simply supported double-beam system had multiple critical speeds under successive moving loads. The peak deflection of the midspan of the primary beam reached its maximum value . Assuming the speed corresponding to the maximum peak deflection of the midspan as the dividing speed, the dividing speeds of primary and secondary beams were 1 122 m v s = and 2 124 m v s = , respectively. In the speed of load-peak deflection of the midspan relationship curve of primary and secondary beams, the critical speeds corresponding to the "abrupt increases" were close to each other and should be avoided in engineering practice.
The effect of four flexural rigidity (EI) of the primary beam (i.e.,
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E I = ) on the peak deflection of the midspan of a simply supported double-beam system under successive moving loads was evaluated. The amplification factor of peak deflection of the midspan under different flexural rigidity is defined as follows:
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Conclusions
A dynamic analysis model was established for a simply supported double-beam system under successive moving loads. Based on finite sin-Fourier transform and finite sin-Fourier inverse transform, the analytical expression of dynamic response of the simply supported double-beam system under successive moving loads was deduced. Considering the dynamic response of a simply supported double-beam system under train loads, the results of the analytical method were compared with those obtained from the general FEM software ANSYS. The following conclusions are drawn:
Under a load series of multiple different moving speeds, the analytical calculation results of the time-history curve of deflection of the midspan of the double-beam system were consistent with the calculation results obtained from the ANSYS, thus demonstrating the rationality of the analytical calculation method proposed in this paper. The analytical calculation method proposed in this paper has a clear concept, convenient for manual calculation, and provides a theoretical foundation for further engineering applications of simply supported double-beam systems under successive moving loads.
The simply supported double-beam system under a load series uniformly showed the maximum value of dynamic deflection response in the vicinity of the midspan, and the peak deflection of the midspan moving speed of the load series relationship curve of the system showed several "abrupt 
The simply supported double-beam system under a load series uniformly showed the maximum value of dynamic deflection response in the vicinity of the midspan, and the peak deflection of the midspan moving speed of the load series relationship curve of the system showed several "abrupt increases", indicating that the simply supported double-beam system had multiple critical speeds under a load series.
In the simply supported double-beam system under a load series, the critical and dividing speeds of the primary and secondary beams were close to each other, respectively, and should be avoided in engineering practice. The deflection of the primary beam is suppressed by the secondary beam.
For the primary beam of the simply supported double-beam system, the amplification factor of the peak deflection of midspan α 1 and maximum value of peak deflection of midspan p an,1 both significantly decreased with the increase in flexural rigidity; however, for the secondary beam, the effect of speed of loads on the amplification factor of peak deflection of midspan α 2 was not clear. 
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